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ABSTRACT
VEHI CLE COLLI SI ON ANALYSI S and acci dent
Aut omobi | e accident reconstruction reconstruction has enjoyed a recent
and vehicle collision analysis tech- growh in populari t?/. This has been due
ni ques general |y separat e vehi cl e primarily to two factors. The first
collisions into three different phases: factor is that since an accident can
pre-inpact, inpact and post-inpact. This frequently be a tragic event to the
paper will concern itself exclusively people involved, |awsuits have becone
with the nodeling of the inpact phase, comon. inorder to analyze collisions,
tyﬁj cally defined as the time the engi neers have devel oped nodels which
vehicles are in contact. attenpt to quantify the accident.
Typically the pre-impact velocities of
Hi storically, t wo different the vehicles involved in the accident
model i ng techni ques have been applied to are of particular interest. The second
the inpact of vehicles. Both of these factor that has contributed to this
techni ques enpl oy the inpul se-nonentum field is the advent of the personal
formulation of Newton's Second Law. The conputer. Al though the collision of two
first relies exclusively on this princi- vehicles can al nost exclusively be
ple coupled with friction and restitu- considered planar, the equations which
tion to conpletely nodel the inpact. accurately describe this phenonenon tend
The second nethod conbines impulse- to be quite conplicated and hence
momentum with a relationship between tedious to solve by hand. The personal
crush geonetry and energy | oss to nodel conmputer has elimnated nuch of the
the inpact. Both methods wultimately tedium and has added convenience in
produce the change in velocity, AV, and solving the governing equations.
other pertinent information about a
col l'i sion. Acci dent recornstruction and anal ?/
sis techniques generally separate all
The concepts of inpul se-nonentum automobile collisions into three dis-
and energy loss as applied to vehicle tinct phases. These phases are typical-
col l'i sions have  been  occasionally ly referred to as the pre-inpact phase,
m srepresented and appear not always to i mpact phase and the post-inpact phase
be fully understood.  This paper will or "spin out". The definition of the
present the application of these princi- i npact phase as the tine the vehicles
ples to collisions of two bodies in a are in contact inplies the definition of
pl ane. This relationship between the the pre-inpact and post-inpact phases;
change in velocity and energy |loss will i.e, the pre-inpact is that time prior
be investigated. A review and nunerical to vehicle-to-vehicle contact, and the
conparison of several inpact nodels will post-inpact is the time after the
be presented. vehi cl es have separated.
- In  typical collision analysis
* R. Matthew Brach is currently enployed by circunstances, the pre-inpact velocities
Mpc Products Corporation, Skokie, IL. are usually the unknowns to be deter-
m ned by using a nodel. The acci dent
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reconstructionist would be interested,

however, in any indications of evasive
maneuvers that may have been used by the
driver of either car in interpreting the

results of a study. The post-inpact

phase is usually the starting point in
the anal ysis of automobile collisions.
From i nformati on obtained at the acci-
dent scene, eg., skidmarks, debris,
final resting points of the vehicles and
vehicle deformation, nunerous nodels
exi st which can predict the velocity of
each vehicle imediately after ~the
separation of the two vehicles. It is

not the intent of this paper to address
this portion of the accident. Reader s

interested in this topic are referred to

ot her sources (1, 2].*

In the scheme of accident recon-
struction and analysis, it is the inpact
phase analysis which estimates the

change in velocity of the two vehicles
coomonly referred to as "delta-v," or
Av. Each vehicle has three velocit

components. This inplies six initia

and six final for a total of twelve
velocity conponents in the inpact
probl em As viewed from a cl assical

nmechani cs perspective, t he i mpact
problemis to provide a nmeans (a set of
equations called an inpact nopdel) of
calculating the final velocities for
given initial vel ocities. From the
point of view of accident reconstruc-
tion, the problemoften is to calculate
the initial velocity conmponents given

the finals (or perhaps a mxture as
happens in sonme cases). In either case,
the laws of nechanics and mathenatics
are quite unconprom sing: si X indepen-
dent conditions (usually in the form of
| i near equations) are needed to provide
a unique solution to the problem Some
i nvestigators substitute assunptions for
the equations as is discussed later in
this paper. This, of course, can yield
accurate results if the assunption(s)
are appropriate

Historically, two nodeling tech-
ni ques have been used in the analysis of
vehicle inpacts to estinmate the change
in velocity of the vehicles. The first
of these two nodels enpl oys the princi-

pl es of impulse, nmonentum friction and
restitution to estimate AV o f t he
vehicles involved in a collision. The
second et hod empl oys  concepts of

i mpul se and nonentum conmbined with an
estimation of the energy absorbed in the
collision from measurements of vehicle
per manent deformati on, or "crush." The

*Numbers in brackets refer to references
listed at the end of the paper.
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second nmethod al so uses typical elastic-
pl asti c behavi or of vehicle structures
In the energy |oss estimation procedure.
The techni ques enpl oying the estimation
of energy | oss from damage neasurenents
will not be discussed in great detail
However, part of this paPer i ncl udes
conparisons of results rom various
readily available conputer prograns
whi ch use crush neasurenents.

Regardl ess of the nethod enpl oyed
for the collision analysis, the AV is
ultimately the quantity which is sought.
The av has traditionally been enpl oyed
in two different nanners. The first

employs AV in magnitude formonly to
correlate injury severity of the occu-
pants. The second nmanner enploys the
vector conmponents of the av to relate
the post-inpact to the pre-impact
vel ocities. It should be pointed out
that in the inpact analysis approach
enpl oying inpul se-momentum principals
only, the conponents of the AV are
vector quantities. In the approach
enpl oying crush deformation, the Avis
treated as a scalar quantity. Its

conponents are then determined fromthe
angle of the Principle Direction
Force (PDOF), which nust be determ ned
from the physical defornation. Thi s
estimation can often be quite difficult
due to the severity of the crush defor-
mation

As  nentioned, two
classes of inpact nodels exist. (ne
uses classica i mpul se and nonentum
principles alnost exclusively and the
ot her nakes linmted. use of inpulse and
morrent um but conbi nes direct neasurenent
of crush and vehicle elastic-plastic
behavi or. Examples of the forner are
13, 4, 5) and the latter are (6, 7, 8,
9, 22]. The use of energy |oss due to
crush deformation may seemto have a
potential for greater accuracy since it
Is based in part on experinental data,
principally barrier crashes. This is
not necessarily true however , for
several reasons:

1. The relationship between force,
crush defornmation and energy |oss
varies considerably from location
to location and vehicle to vehicle.
It is an alnobst inpossible task to
mai ntain a sensitive, conprehensive
and up to date data base

cont enpor ary

2. Those concepts from inpul se and
nmonentum currently used in these
models are severely linted and
insufficient to provide accurate
results.
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Furt her nor e, t hese [imtations are
totally unnecessary since full impulse-
nmonent um nmodel s are relatively sinple to
use w thout severely restrictive assunp-
tions. In fact, a properly fornulated
i mpul se-nomentum  model can easily
furnish nmore energy loss information (as
is shown later) and has greater poten-
tial t han current crush def or ma-
tion/energy |loss nmethods for correlation
to experinmental data.

EQUATI ONS FOR A PLANAR, , TWO BCDY
COLLI SI ON

Much of what follows is a review of
specific aspects of i mpact t heory
pertinent to vehicle collisions. For
nmore informati on see [10]. Newton's 2nd
Law, F = ma, is comonlly used in
addressing the problem of the collision
of two bodies in a plane. For this
application, a variation of the lawis
typically enployed. Newt on' s equation
can be witten as follows using the fact
that a = dvy/dt:

F=m

Q|
o g

or, since the mass m of the particle can
typically be considered constant, we can
wite:

F = %t(:mv) (a)

The vector mv is called the nonen-
tum of the particle, and we see that the
force acting on a particle is equal to
the rate of change of the nonentum of
the particle.

Integration of (a) provides:

)
j‘ F dt = mv, - mv, (b)
t
1
The integral in the above equation is

called the inpulse of the force F during
the interval of time considered. Hence
we see that the area under the
force-time curve is the inpulse.

In fornul ati ng the equation for the
solution of the planar two-body colli-
sion, it is worthwhile to review the
necessary assunptions that govern the
formul ation. e first assunption is
that the duration of the contact of the
two bodies is small, and |arge forces
are devel oped between the two bodi es.
The short tine duration also has an
addi tional effect. That is, any changes

in the position of the mass centers and
changes in angular orientation of the
two bodies are small. The second
assumption is that only a single inpact
bet ween the two bodies is being consid-
ered. If multiple contacts occur, each
nmust be considered independent of any
ot hers. The third assunption is that
the inpulses from external forces such
as friction forces between the tires and
the ground, aerodynam c drag and drive
train drag can be safely neglected. The
fourth assunption concerns the resultant

i npul se  vector. This vector has a
specific poi nt  of application and
direction. It is assumed that the
| ocation of this point is known. The
i mportance of the location of this point
will be elaborated on later in the
paper . In sone cases the direction of

application is also assuned known.

Newt on' s Second Law as expressed in
i mpul se-nmomentum  form as  shown in
equation (b) above, does not inpose any
restrictions on the tinme duration. Ti ne
duration typical ir vehicular collision
are on the order of 0.1 to 0.2 seconds.

Tine intervals of this magnitude,
coupled with the assunption of large
intervehicular forces cause | arge

accelerations, finite velocity changes
and smal | displacenents. These factors
taken together usually cause the above
assunptions to be satisfied for consid-
eration of vehicle collisions.

Most vehicles have a significant
yaw noment of inert ia and cannot be
nodel ed as particles. Yet, particle
theory is presented here first because
its sinmplicity allows for a thorough

coverage of the relationship between
ener gy loss due to intervehicular
friction and restitution. This sinplic-

ity is lost later when the rigid body
i npact problem is considered. However,
the concepts do not change substantial-
ly.

Consi der Figure 1 which shows the
free body diagranms of two particles. A
normal -tangential coordinate system is
chosen such that the Iine through the
particle centers is the normal axis, n.
The tangential axis, t, is perpendicular
to the normal axis and lies in the plane
defined by the initial velocities of the

particles. Velocity — symbols used
throughout this paper Wl be double
subscripted with the first subscri ﬁt
referring to the particle wth the

second  subscri pt referring to the
coordi nate directicn. Capital, or upper
case synbol s indicate final velocities;
small, or |ower case symbols indicate



initial velocities. For example. .V is
the final velocity conponent of par%?cle
1in the normal direction; v iLs t.he
initial velocity component of Bdrticle 2
in the tangential direction.

Conservation of nonmentum for the
system of particles along the nornal
axis yields

™ Vin ¥ ®Von = MVyp

Conservation of momentum of the
system of two particles in the tangen-
tial direction yields:

+ m2v2n (1)

Vi T MVae T MVt

A coefficient of restitution, e, is
used to inplicitly represent energy |oss
of a collision due to relative, normnal
vel ocity changes. This coefficient is
defined as:

+ mzv2t (2)

Rel ative final velocity in the

_ normal direction

~ Relative initial velocity in the
normal direction

where 0 < e < 1.
we find

Using this definition,

) (3)

- - - -‘
v v e (v, ~V,

1n 2n n

The coefficient e can be related direct-
ly to "crush" deformation [10]. The
change in normal velocities is directly
related to a normal impulse, P_, between
the vehicles. This is n

Ph=m(Vip Vi) = -my(V, -V, ) (4)
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FIGURE 1, FREE BODY
DIAGRAM OF TWO PARTICLES

Tangential velocity changes are
governed by the tangential inpulse, p_,
devel oped during the collision. Usiﬁg
this tangential impul se, the norm

i npul se and the fact that sonme sliding
must occur along the tangential direc-
tion, we can define an equivalent
coefficient of friction, y, as
W= P /P (5)

In sonme applications, y may corre-
spond directly to a coefficient of
dynamic sliding friction, i.e., Coulonb
friction. However, it should be noted
that the above definition i S not subject
to any limtations and permts nodeling
of such diverse processes as conbina-
tions of dry friction, inelastic shear
deformati on of materials, etc. The
t angenti al inpulse can be obtained
djrectlg fromthe free body diagrans of
Figure Thus, we obtain:

n

P =My (Vig™Vig) = 71y (Vor—viy) (6)
Using |inear conbinations of equations
(4) and (6) , combined Wi th equation (5),
a fourth equation can be witten in the
form

Vi T mVie T

um

pmzvzn + mZV2t =

- un + m.v (7)

1Vin T ™1Vat 2V2n 2Vat

Equations (1), (2}, (3) and 7)
forma set of four equations solvable
for four unknown velocities. However ,
the question of whether sliding term -
nates prior to separation still remains.
Rel ative tangential notion exists at the
begi nning of contact and continues as
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long as |V - Vo> 0. I[f this nption
ceases dur%.%q tHe” interval of cont act ,
then the final tangential velocities are
identical and we have:

Vig " Ve 50 (8)

Equation (8) can be used in pl ace
of (7) when it is known that sliding
term nat es. For now, equation (7) and
equation (8) are treated as alternatives
and solutions are obtained for both
cases.

It will prove enlightening for the
rigid body problemto place the equa-
tions in matrix form or the particle
equati ons above, using equation (7), we

have:
m 0 m 0 v
o' m, 0% m, vid |
-1 0 +1 0° Von
m, -m -um, M v
L R | 2 o 2t (9)
ml 0 :m2 0 vln
0 ml 0 m2 Vlt
e 0 -e 0 v2n
pmy Tmy o THm, sz Vat

The solution to this set of
equations can be witten in several
forns. The following equations seemto
best display the physical symetry of
the problem

Vin=Vintm, (1+e)(v

in~ "1 “Vap)/(mytmp) o (10)

2n

Vig=Vigtumy (AFe)(Vymvy ) Amytmy) (A1)
v2n=v2n—ml(1+e) (v2n-vln)/(ml+m2) (12)
and

Vo=V THmy (1+e)(Vy =vy) /(mpmy)  (13)

Wien equation (8) is used in place of
(7) the solutions for the final nornal
velocity conponents are identical to
equation (10) and (12). The final
tangential velocity conponents are:

Vit = Vit TRy (VoptVig)/ (mytmy) (14)
and

Vor = Vop T My (VormVie) /(mytmy) (15)
RESTI TUTI ON, FRICTION AND ENERGY Loss

There is an inportant reason for
i ntroducing the coefficient of restitu-

tion into the collision problem as Wﬁs
done in the previous section. The

coefficient of restitution is aconve-
nient means of including the |oss of
kinetic energy due to nornal defornation
while maintaining |linear equations. An
equation containing  Kinetic energ
explicitly would be nonlinear Wt
respect to the unknown velocity conpo-
nents, and the ease of obtaining a
solution is 1lost. Because of the
i mportance of kinetic energy in the
ultimte eval uation of the problem the
rel ati onship between e, v and t he energy
| oss is presented. Using conservation
of energy, we can wite:

2 2

2 2 -
Qv B Bz, (v, Sev, Sy /2 v T
2

2. 2 2
my (Vi TV D)2 My (Vo TV ) /2 (16)

m

where T. represents the kinetic energy
convert &8 to other forms such as sound,
light, heat, friction and/or permanent
def or mati on. Substitution of t he
solutions for the final velocity. conPo-
nents into equation (16) will Qgive the
energy loss in terms of initial veloci-
ties, particle masses and coefficients.
Using the solution in which sliding does
not cease prior to separation, equations
(10) through (13) gives

2(1+e) [ (1—e)+2pr-—(1+e)u2 1/2
(17)

Ty ™ (Von™Vin!

where m = m m,/ (m,+m,) and

r = (VopVae)/ VppmVn)

Note that equation (17) is aquadratic
inthe inmpulse ratio w. This suggests
a nmaxi mum or m ni mum energy 0SS.
Anal ysis indicates that the energy |oss,
T,, Possesses a naxinum with respect to

i« That is, as uwis increased fromOo,
the energy |oss increases. At sone

potic, u= u pax/ the energy loss then
decreases (and  even beconmes negative)
for u >y nax” Intuitively, for any

iven collision, one expects alarger

riction coefficient acconpanied Wth
sliding to dissipate nore energy. This
is only true to acertain point since,
with enough friction, sliding WiIII ceas

rior to separation. any value o

i gher than that anpunt which causeﬁ
sliding to cease, when used wt
equation (7, wi | | produce an
unrealistic solution with energy added

to the system This anmounts to a
frictional _ inpulse  "reversing" the
sliding. This phenonenon will be denon-

strated in later exanples, Analysis of
this problem has shown that for parti-
cles, the value of w=yu is the
smal | est val ue of y which cad¥&s sli ding
to termnate prior to separation and the
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R equation (7). From equation (17)
t hi :

%est realistic value of to be used
S is:

H max = B
l+e (18)

The concept of a naxi num coeffi-
cient u has been corroborated recent-
ly by by Ishikawa [22]. In ([22],
Ishihawa has plotted experimental values
of the inmpulse ratio p_/pP_ determined
from experinental vehicl® ihpacts. The
data points show a distinct naxi num
val ue for the oblique inpact geonetry.
In summary, if P_/P_ < y , sliding
exists at separatisn 2nd eqdétions (10)
(11) | (12) and (13) present the solution
to the problem [If ©p_/P = qu ,
sliding w il cease prior ¥o Beparatl8H,
and the final tangential velocities are
equal and the final velocities are given
by equations (10), (12), (14) and (15).
N?]ted t hat for colinear i mpact s

ead-on), v = v =0, yu =0, and
{he ;ofutio&t nust?Fpe indeptident of
riction.

After having devel oped the sol ution
to the inpact of two particles, it is
interesting to | ook at the work done by
the inmpulse during the collision. To
evaluate the energy, we first recall

that:
X2 ts
Wor k =f Fdx = I Fvdt (19)
X t
where v = dx/dt. Using the nmean val ue
t heorem equation (19) can be witten as
fol |l ows:

€2

!

Work = Vavg I Fdt = Energy (20)

Wiere the quantity Fdt is the inpulse
of the force F as defined earlier in
equation (a). Equation (20) is the work
done by the total inpulse devel oped
during the collision. This inpulse can
be resolved into its normal and
t angenti al conponent s, P and P,
respectively. Thus, we can Bay

T = (V,oyg)

Ln avg’n Py (21)

and

T (22)

it - Vavglt Pt
where (v ) and (v ) are the
average ré&Y¥8tive velocifﬁgétof the two
particles in the normal direction and
the tangential direction respectively.
These two quantities are defined by the
fol | owi ng:
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(Vavg)r1=[(vln"V2n)+(Vln_vzn)]/2 (23)
and
(Vavg) £= 10V Vo) * (Vi 7Vpgd 172 (24)
Using equations 23% and (24) with
equations (21) and %2 ) we obtain:
Tin~ LV 1n™Von) * (Vin™Van) 1Py/2 (25)
and
Tre= (Ve ™Vae) ¥ (Vi Vo) 1P/2 (26)

| npact models which use crush

deformation nmneasurenents to estimate
energy | oss are based upon forces acting
normal to the vehicle undanmged surface
[13]. Since only a portion of the
kinetic energy is lost in the nornmal
mode, those ~nodels should tend to
underestimate energy |oss. This can
result in significant errors. Table 1
lists the energy absorbed in three of
t he RICSAC collisions whi ch wer e
anal yzed using an inpul se-moment um nodel
of the inpact (5]. It can be seen that
in each case that a substantial anpunt

of energy is due to the tangential
i mpul se.
TABLE 1
Exanpl es of Ener g?/ Loss
Normal and Tangential Modes(5])
o Loss, Percent oflnitial system Energy
Col l'i sion Tot al Nor nal Tangenti al
RI CSAC 1 52.0 19.4 32.5
RI CSAC 3 34.7 34.2 0.5
RI CSAC 9 28.7 15.7 13.1
RI CSAC 10 31.0 15. 4 15.6
t
i
i
V,=30 ft/s
N
a0
m, =100
—
435
V,=50 ft/s1
., "
V.

FIGURE 2, EXAMPLE
TWO PARTICLE COLLISION
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To illustrate the conbined influ-
ence of coefficient of restitution, the
coefficient of friction, and the conceIEl)t

e

of u on the energy absorbed in t

collision, equation (17) is evaluated
for several values of these coeffic-
ients. Figure 2 represents a tw
partigle co lision in mthbovl=50 ft/s
at 45° and v.,=30 ft/s at -45_." W also

set m.=100 &nd m.,=150 1lb-s®/ft. From
these Yalues we fifd m=60 and r=1 and

u = 1/(1l+e). Table 2 1lists the
afidtint of energy lost.

The values of T Listed in Table 2
indicate the qua&’ratic nature of the
Eq. 17. We see that as w is increased

i ndi scrimnately t he ener gy | 0ss
eventual |y decreases; energy is added to
the system during the collision, which
is of course i mpossi bl e. This
illustrates that the choice of a value
of u when used in the solution of inpact

equations nust be done with care and
nust never exceed w___ for the given
col l'i sion.

o TABLE 2
Variations in Energy LosS :for

an Exanple Particle |npact
e = 0, ¥ nax = 1 e = 1, ¥nax = 0.5
'I‘L 'I'L
0 96000 0 0
1, 192000 0.5, 96000
2, 96000 1.0, 0
3 -192000 1.5 - 2888000

* Physically Unrealistic Val ues

vl XC

| MPACT OF RRG D BODIES I N A PLANE

‘Now that the concepts of friction,
restitution and energ?/ | oss have been
o)

revi ewed, a set nor e gener al
equat i ons can be devel oped. The
fundamental principles and assunptions
made in the previous section are
applicable here but several concepts
require further expl anati on and

el aborati on.

~When two objects noving on a plane
col |i de, deformation takes place and
forces are generated. In real colli-

sions, the force devel oped between the
bodies is distributed over a conmmon

contact surface. Both the forces and the
contact surface change with tinme during
the collision. However, the resultant
i mpul se its direction and point of
application are constants. They vary
nelther with tine nor position. Figure
3 shows free body diagrans of two
vehicles involved in a collision. The
resultant inpulse is shown resolved into
its x and y conponents, P_ and P_.
Since the resultant inpulse Xs derivéa
fromsurface forces, its line of action

and point of application are dependent
on the distribution of the force. The
eventual point of application of this
impulse is called the "center of im
pact . " This point is alnost always
assumed to be known in collision analy-
ses and is chosen by the analyst. It Is
rarely exact. |If chosen with sufficient
i naccuracy, the analyst fictitiously

introduces a moment inpulse as illus-
trated in Figure 3 by M. This situation
is anal ogous to the elenentary engineer-
i ng mechani cs procedure of replacing a
single point force by an equal force at
sone other location and al so including
the appropriate nonent. If the center
of inpact is chosen wth sufficient
accuracy, the resulting nmoment inpulse
woul d be near zero.

R
S TR
o

r

%

FIGURE 3, FREE BODY
DIAGRAM OF COLLIDING VEHICLES



I ncorporation of a nmonent inpulse
into the system is done for another
reason. It is certainI% possible that a
physi cal mechanism such as interlocking

parts, can exist to transmit a nmoment
(at least nonentarily) between the
vehi cl es. I nclusion of a moment inpul se

allows for the representation of such
phenonena. Its inclusion leads to the
definition of an angular restitution
coefficient which is simlar to the
classical coefficient e, but has sone

si gni fi cant di fferences. A maj or
difference is that when the nonent
coefficient, e_ = +1, the nonent inpulse
M is zero. Th¥s pernits solutions where
M = 0 is appropriate. O herwise, -1 <
e < 0, [10, 11].

In the particle inpact problem two
unknown velocities are conputed for each
particle. In the rigid body inpact
problem there are three unknown fina
vel ocity conponents for each rigid body
for a total of six unknowns. Thus, V&f'
Voo, 4., V., V,., and Q are the b'e
uﬁ%nown&, wﬁfla_%y,, v ,zml, v2 , Vv
and . are prestfed R¥ownl AZ%¥nigh¥
solutidh can be obtained wth six
equati ons. Such a compl ete solution has
been previously presented [11, 12],
al ong with an analytical sol ution [10].
The six equations nodeling planar
impacts are listed in this paper as an

Appendi X.

As nent i oned previously, t wo
di fferent techniques have been used to
nodel vehicle col i sions: impulse-
noment um and impulse-momentum-
def ormati on energy.

In past years, nunerous authors
have applied the principles of inpulse
and nonentum to vehicle collisions. (ne
of the earliest was Emori [19, 20] who

used particle nodels. Li npert [3)
devel oped a rigid body model still used
by many peopl e today. In (3], Linpert

initially presents a solution for the
strai ght central inpact of two vehicles.
In this fornulation, the concepts of
conservation of 1linear nonentum and
restitution are enployed to predict the
final velocities of vehicles that have
been involved in a central inpact with
known initial  velocities. He then
considers oblique central and straight
non-central inpact. In this section, he
presents wthout derivation the final
expressions for inpulses and post-inpact
vel ocities of both vehicles. Wth
car ef ul review of these equations,
several observations can be made about
the assunptions made by Linpert in
formulating his solution.
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Al t hough restitution of the vehi-
cles is used in his analysis of the
straight central inpact, this concept is
noticeably absent from his equations
presented for the oblique non-centra
| mpact . This om ssion of restitution
inmplies that Linpert. nodels the colli-
sion inelastically with a coefficient of
restitution e, always equal to zero.
St udi es have shown {11, 12, 13] that the
coefficient of restitution for nost
collisions is small, and the assunption
that it equals zero is sonewhat justi-
fied. However , these studies also
indicate that for sone collisions this
coefficient can take on values in the
range of 0.20 to 0.40. Variations this
| arge can have a significant effect on
the prediction of final velocities.

Anot her parameter that Linpert does
not consider in his solution is the
coefficient of friction between the two
vehicles at the contact surface. In his
presentation, he uses the assunption
that during the deformation phase of the
collision, the velocities of the collid-
ing bodies wll change so that at
maxi mum def ormation, both bodies w ||
have the same (vector) velocity. Thi s
inplies the assunption that the coeffi-
cient of friction, (the ratio of the
tangential inpulse to the normal im
pulse), is always |arge enough to stop
relative motion of the vehicles prior to
separation; hence v = . As a
consequence, Limpert's soldft®%n is not
applicable to "side swipe" type colli-
sions in which relative notion of the
two vehicles at the point of inpact does
not go to zero prior to separation

Limpert's nodel does not consider a

moment between the vehicles at the
collision surface. This limts the
applicability of this nodel to colli-
sions in which a significant nonent

i mpul se does not devel op over the crush
surface.

Verification of these three obser-
vations can be demcnstrated using the
exanpl e provi ded by Li npert to
illustrate his solution technique for an
obl i que inmpact [Exanple 28-2, reference
3]. A conparison was perforned using

Limpert's values as input into a
conput er i mpl ementation of  Brach's
i mpact  equations. Brach's sol ution

allows for independent control of each
of 3 coefficients, e, e_ and _u. To
correspond to Limpert's asBumptions, the
nonent coefficient. e, was set to +1
(zero nonent impulsés, the friction
coefficient was set at py= u , (no
sliding at separation), al¥ the
restitution coefficient was set to zero.
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Al l other parameters such as distances
to the center of inpact, nasses and
velocities were identical to the val ues
used by Linpert in his exanple. Table 3
presents a tabul ated conparison of the
two  solutions. It indicates that
Limpert's solution and Brach's sol ution
yield identical results when the proper
restrictions of the collision coeffi-
cients are nmade on the general solution.

indicates that this can be acconplished
through the use of his six equations and
thyl Idefl ning the normal inpulse, I,,,as
ol | ows:

I,, = =(1+1l/e)/(a - \b)
where e is the coefiicient of restitu-
tion, Xis the equivalent coefficient of
friction and a and b are constants which
depend upon the masses of the vehicles,

. - TABLE 3
Nurreri cal Conparison between Linpert and Brach
Li npert Brrach
Vehicle 1 Vehicle 2 Vehicle 1 Vehicle 2

Final x velocity 29.2 28.3 29. 17 28. 30
Final y velocity 16.5 58. 8 16. 48 58.74
Final angular velocity 6. 28 -1.58 6. 28 -1.58
Li near velocities in ft/sec, angular velocities in rad/sec.

Anot her application of the princi- their radii _of gyration and crush
pl es of inpulse and monentumto vehicle dimensions.  The notivation for obtain-
collisions is presented by Mcnillan ing an inverse solation is practical
[14]. In his solution of the oblique since accident reconstructions take
vehi cul ar i npact  problem Macnmi | | an place after the collision has occurred,
introduces both coefficients of friction and it is the speeds of the vehicles
and restitution. In his consideration prior to the collision which are comon-

of friction between the two vehicles,
Macni |l an al so enPons the definition of
the friction coefficient as the ratio of
the tangential inpulse to the nornmnal
i mpul se. This allows for the nodeling
of the friction between the two vehicles
for cases of interlocking parts as well
as Coulomb friction. He does not
include an inpul se couple at the contact
surf ace. He comrents however, that it
is unnecessary and, if included, would
only shift the line of action of the
i npul se conponent which is normal to the
i npact surface. Macmi | | an feels that
this is nore convenientl done by
altering the position of the point of

inpact. This view indicates a m sunder-
standing of the need for the nonent
i mpul se.

Macmi | | an ultimately presents a set
of six equations and six unknowns as a
solution to the planar inpact problem
He also indicates that the "inverse"
probl em can be solved, namely, determnin-
ing the pre-impact conditions from a
given set of post-inpact conditions. He

ly of interest. However, it is not
uncommon in vehicular inmpacts to nake
the assunmption that the collision is
conpletely inelastic,, a condition under
which e = 0. This will cause problens
for the inverse solution since e appears
in the denominator of the equation.
This situation is not uni que to
Macmillan's solution, and is true for
all solutions which enploy restitution
and the solution is attenpted via an
i nverse procedure.

To avoid this problem smal |,
non-zero val ues often can be used or the
sol ution nmethod can veiterated forward
for differing input until the desired
final velocities are obtained. The
|atter anounts to a trial and error
procedure for matching final inpact
velocities. An even better approach now
exi sts [21] which finds the pre-inpact
vel ocity conponents in one step for a
given set of final velocities.

TABLE 4

Nurreri cal Conparison between MacMIlan and Brach

Macmi | | an Brach
Vehicle 1  Vehicle 2 Vehicle 1 Vehicle 2
Final x velocity -0.90 -0. 80 -0.89 -0. 80
Final y velocity ~ -7.32 10. 87 -7.31 10.91
Final angular velocity -5.19 2.98 -5.19 2.98

Linear velocities in m's, angular

velocities in rad/s.
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Macni | | an presents an examl e
problem in [(14] whi ch illustrates
nunerically the solution to his set of
equati ons. A comparison was nmade of his
sol ution and t hat usi ng Brach's
equations, wth the noment coefficient
set to +1 to elimnate the inpulse

monent . Table 4 presents a conparison
of the post-inpact velocities of these
two techniques. A review of these
results i ndi cates t hat Macmi |l an's
solution and Brach's solution vyield
nearly i denti cal results when the

restriction of zero noment inpulse is
i nposed.

Newer nodels of vehicular colli-
sions which enploy inmpulse and nmomentum
t echni ques are continually being devel -
oped. Recently, a nodel was proposed by
Ronald Woolley of Collision Safety
Engi neering [4]. Woolley has inplenent-
ed the solution of his equations on a
computer and has entitled it mIMpac
which is an acronym for |npact Mnentum
of a Planar Angled Collision. Thi s
acronym wi || be used when referring to
his solution throughout this paper.
IMPAC ultimately fornulates a set of six
equations and six unknowns whi ch can be
solved for the final three velocity
components for each of the two vehicles
i nvol ved. The first two equations are
obtai ned from the conservation of [|inear
nonentumin two nutual ly perpendicul ar
directions. The next two equations are
obtai ned through a direct application of
the principle of inmpulse and angular
nomentum for each of the two vehicles.
The final two equations come by inposin
constraints on the relative velocity o
the two vehicles.

A velocity constrai nt
condition, as Woolley calls it in
(4], inmposes the condition on the
collision that at some user designated
poi nt on the crush surface (i.e., the
center of inpact%, t he vehicles have the
same vel ocity follow ng the exchange of
moment um Wol l ey indicates that this
is a consequence of the assunption that
t he col l'ision is i nel asti c. The
inplication of an inelastic collision,
however, should be that the nornal
vel ocity conponents of the vehicles be
identical after the exchange of nonen-
tum The tangential conponents of the
velocities do not need to be identical
for an inelastic collision. Nevert he-
less, the assunption that the velocity
of the vehicles at the center of inpulse
be the sanme is consistent with observa-
tions for many collisions and is also
enpl oyed by Limpert.

A conmon
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An alternative velocity constraint
permtted by Wolley is the sidesw pe

constraint condition. This in fact,
permts renoval of the condition of
common, final tangential velocities, and

permits a relative tangential velocity
called the slip velocity. |t is gi ven
in the form of a percentage of” the
pre-impact approach velocity. Thi s
process 1S analogous to inposing a
friction condition at the inpact surface
but requires the user to specify the
final tangential velocity a priori.
Both of these constraints, the conmon
velocity constrai nt and si desw pe
constraint, are conmbined with the
assunption that only totally 1 nelastic
col l'isions woul d be considered. Hence
we see that Woolley's solutions all
correspond to e = 0.

Using data obtained in 15], a
conpari son with IMPAC was nmade Detween
the predicted post-inpact velocities for
three RICSAC crashes [18]. The results
are given in Table 5. Addi ti onal
comparisons  between the |MPAC = and
Brach's solution can be nade by studying
the energy loss for alnmpst all of RICSAC
col I'i sions, shown in Tabl e 6.
I nspection of Tables 5 and 6 shows
di fferences between the output of | MPAC
and Brach's solution. The conput ed
values of energy :.oss of Wolley and
Brach agree quite closely. VWher e
differences occur, they are due in part
to the fact that Brach's nodel enploys
the noment coefficient whereas Wolley
negl ects this. Di screpancies nmay al so
be due to different choices for the
| ocation of the center of inpact.

To make a direct comparison of the
model s thenselves, RICSAC crashes 3, 9
and 10 were run using Brach's conputer
program with woolley's dinensions for
the location of the center of inpact.
In order to be consistent with the
assunptions nmade in fornmulating the
| MPAC nodel,. e +1, e =0, and u =y
were used.Tabl® 7 illustrates that PRE
| MPAC nodel and Brach's nmodel will yield
nearly identical results for the sane
collision if the same assunptions are
made and the same data is used.

The principles of inpulse and
nmonment um do not offer a unique anroach
to the vehicle collision problem A
nethod named CRASH [6] enjoys a
W despread acceptance as a nodel for the
analysis of vehicle collisions. This is
due partially to the fact that it was
devel oped early on in this field and it
was funded and used by the NHTsA of
United States Department of Transporta-



Table 5
Nurreri cal Conpari son Between Brach and | MPAC
For RICSAC Collisions 3, 9,10

CSAC Measured Brach IMPAC
E%as Vehicle 1 Vehicle 2 Vehicle 1 Vehicle 2 Vehicle 1 Vehicle 2
13
Lin.Vel. 17.15/179.2° 23.17/170.7° 17.61/190.4° 22.406167.00 19.36/-176.0° 18.62/173.4°
khg:vel: 18/%¢ o6 20762 1567 0. 44 0,02
19 °
(o] (o] O o] [o]
in.vel. . .7° 26.1 2.3 13.60/113.7° 27.96/115.0 13.63/143.3 28.60/108.7
Mg:vel: 15-03/19° L) °Y/33 1,60 2356 0. 40
110 o o o
(o] o [o]
in.vel. .6 0.2 39.35/111.7 25.10/112.0° 42.13/117.2° 28.6/146.1 42.39/106.52
Iag:vet: 28-%3/38 124 1% 230 °6. 04 1.71
Li near velocities in ft/sec, angular velocities in radians/sec.
Table 7
Nurreri cal Conparison Between Brach and | MPAC
For ldentical Center of Inpact Location
IMPAC Brach
B &hC Vehicle 1 Vehi cle 2 Vehicle 1 Vehicle 2
13 o
[o] o] (o]
in.vel. 19.36/-4.00 18.63/6.62 19.33/-3.95 18.63/6.5
Eng.vel: 8/ 14 °3/8; 0. 41 20,03
19
o] o (o] (o]
Lin.vel. 13.64/36.71 28.60/71.31 13.44/48.77 28.53/70.3
Ang.Vel. 3.56 0. 40 3.32 0. 45
#10 o
Lin.Vel. 28.60/33.87° 42.39/73.49° 27.86/39.6° 42.01/71.66
Ang.Vel. 6.04 1.71 5.60 1.74

Linear velocities in ft/sec, angular velocities in radians/sec.

8¥00.8

1T
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TABLE 6
Total Kinetic Energy Loss for Staged,
RI CSAC Col |'i sions

RICSAC Percent of Initial Energy
Collision Meas.[18] IMPAC[L.5] Brach CRASH[13,18]

64. 3% 57. 0% 52. 0% 192. 0%

1
2 61. 7% 78. 8%
3 34. 3% 37.6% 34. 1% 6. 0%
4 51. 7% 38.3% 36. 3% 21. 7%
5 42. 4% 34. 3% 32.3% 13. 8%
6 55. 7% 53. 8% 48. 2% 83.0%
55. 3% 54. 3% 48. 8% 93. 4%
8 53. 6% 35.5% 36. 0% 37. 7%
9 38. 5% 28. 7% 28. 8% 93. 3%
10 38. 7% 27.5% 31. 0% 51. 1%
11 94. 1% 93.2% 92. 2% 73. 1%
12 90. 7% 96. 0% 93. 3% 56. 3%

tion. CRASH also includes a post-inpact
or spinout anal ysis.

CRASH, an acronym for calspan
Reconstruction of Accident speeds on the
H ghway, was initially devel oped as an
i nput program for a larger- analysis
program but soon gained popularity as a
stand-al one col lision nodel. CRASH was
devel oped by the calspan Corporation in
the mid-1970's, and has since been
updated to its latest version called

CRASH3. However, the basic principles
under | yi ng t he anal ysi s have not
changed.

A uni que feature of CRASH i s that
the nmagnitude of the vector velocity
change, "delta-v," can be conputed from
nmeasurenments of  structural crush.The
energy absorbed by the vehicles is
determi ned by npdeling the vehicle as a
series of perfectly elastic springs
which deform to the maxi num | evel of
crush  but with no restitution or
spri ng- back. The energy can then be
cal cul ated using the defornmation nea-
surements acquired from the accident
vehicle itself. The stiffness of these
springs is built into the conmputer
programin the form of vehicle catego-
ries and is based upon experinental
data. CRASH al so uses sone equations of
i mpul se and monentum and t he concept of
a center of inpact on the crush surface.

It also inposes a common velocity
constraint at this point in deriving the
equations for the change in velocity of
the vehicles. This comon velocity
inplies that no restitution occurs and
that relative slip between the vehicles
ends prior to separation.

Once the energy absorbed by the
vehicle due to the inpact is known, the
magni tude of delta-V for each vehicle
can be cal cul at ed. To do this, CRASH
requires t hat a PDOF, Pri nci pal
Direction of Force, be specified (in
fact, this should be the direction of
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the resultant |inear impulse vector.)

In an inpul se-mnentum npdel such as
Brach's and Macmillan's, this direction
is controlled by t he friction
coefficient, u= p_sF . Crash thus uses

W= 6O calculkte™the magnitude of
AV an&*then allows the user to choose
perhaps a different value of u (through
PDOF choice) to determine the vector
values of Av. This is an inconsistency
of which many wusers of CRASH are
unaware. ~ Nevertheless, Smith and Noga
[(16] indicate that the choice of the
PDOF plays a dominant role in the
accuracy of the sol ution. Pre-impact
velocities can then be calculated if the
ost-inpact velocities are known. These
atter velocities are found by anal yzing
t he post-inpact dynamics, including the
rest position, physical constraints such
as pavenent friction coefficients and
acci dent scene information such as
skidmarks.

Sone inprovenents and extensions to
CRASH have been made recently [23]. In
addition, this version (23], has been

adapted to a hand cal cul at or.

CRASH has recently been the subject
of two papers which have addressed its
accuracy [16, 17]. These papers discuss

in detail several topics which the
authors felt can involve significant
error or required addi ti onal
i nvestigation. It "is not the intent of

the present paper to delve into each of
these topics in detail. Rather, several
of the nore apparent sources of possible
error and inaccuracy will be discussed
briefly and sonme additional observations
will be made.

The damage basis nethod (use of
structural crush) by CRASH for acci dent
reconstruction analysis consists primar-
ily of two operations: estimation of
the energy absorbed by each of the
vehi cl es during the collision and
relating the crush energy to the changes
in velocity of the vehicles. The basis
for the nodel of CRASH danmamge energy is
the assunption t hat the stiffness
coefficients wused can be established
frombarrier test data

CRASH  assigns t hese stiffness
coefficients on a vehicle class basis,
since this data is usually not available
for individual vehicles. Aside fromthe
obvi ous problem of uncertainty of the
accuracy of <crasH's assigned coeffi-
cients to an?/ particular vehicle (for
al | potentia collision geonetries),
this data nmust be continually updated as
new cars with new body structures are
manuf act ur ed. This is a lengthy and
costly process and hence updating of
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t hese coefficients has been perfornmed
relatively infrequently.

The accuracy of CRASH i s dependent
on the deformation of the vehicles since
this, along with the stiffness coeffi-
cients, determ nes the energy which is
absorbed by the vehicle during inpact.
This requires that the user ascertain
the crush dinensions through neasurenent
of the actual vehicle. Danmage profiles
are inherently highly irregular and
subject to variable interpretation both
in depth and length. Hence it is quite
likely that two independent determ na-
tions of delta-V for the same accident
wil | be different. Reference 18
attenpts to quantify this sensitivity of
CRASH to differences in the field data
measur enent s

The deformation profile used by
ZRASH t 0 conpute the energy absor bed by
the vehicles is described using the
dana?e di mensions which lie parallel to
the lTongitudinal axis of the vehicle in
the case of front or rear danmmge; or
perpendicular to this axis in the case
of side damage. This is consistent with
the CRASH assunption that the residual
crush provides a direct nmeasure of the
energy absorbed by the conpressive
forces <created during the collision
Inherent in this statement is the fact
that any additional work done by tangen-
tial shear forces at the inpact surface
provide no directly measurable danage
evi dence

In many collisions, it is true that
the shear forces will contribute little
to the residual crush. This is certain-
ly true for head on and rear end type
col l'i sions. However, it is quite conmon
that the front end of the inpacting
vehicle in an intersection collision can
exhi bit substantial |ateral deformation
The techni que used by CRASH to ?uantify
residual crush does not account for this
def ormati on, and hence the energy
absorbed by the vehicle due to
intervehicular shear is not included in
the calculation of the change in veloci-

ty .

The i npul se- monent um nodel s do not have
any difficulty with energy loss due to
shear and normal crush. Equati ons 17
25 and 26 show how all of these are
related for point nass collisions. In
fact, the equation relating scalar AV's
and energy loss for the general planar
collision nmodel can be shown to be:

_ 2
vy =(1/m,), /2m(1+u )(1+§)g1f

(1-e)+2ur-wr/u__ (27)

13
v, = mV,/m, (28)
and

1/q=1+mda2/I2+mdcz/I}—
umaSdy/ md a /1) (29)

Refer to the Appendix for notation.

Though these equations are avail abl e,
they are unnecessary since the Av val ues
from t he gener al pl anar nmodel
automatically include the shear and
normal defornation energy | osses.

One of the inadequacies of the
CRASH fornul ation has been the fact that
it has neglected the change in the
angul ar velocity of the vehicles as a
result of the collision. Recently
however, Smith and Tsongas [13] reported
that this quantity can be easily cal cu-
| ated once the change in linear velocity
is conputed. This change, if it is
inmplenmented, wll allow for the eval ua-
tion of the effectiveness of CRASH to
predict this change in velocity.

In (6], McHenry presents the
formulati on of the delta~v in terns of
the vehicle paraneters and the energy
determned from residual crush. The
result is a sinplified formof Eq. 27.
Little information is known as to how
the sinplifications affect the accuracy
of CRASH

Tabl e 8 gives a conparison of the
magni t ude of the change in velocity for
each vehicle predicted for four of the
RICSAC crashes using the CRASH def or ma-
tion nodel, the inmpul se-momentum nodels
IMPAC and Brach, and the actual measured
vel ocity changes. From Table 8 it can
be seen that not all of the changes in
velocity predicted by the nodels match
well with the values neasured at the
time of the test. Wcolley's and Brach's
av's are nmuch closer to the neasured
val ues than those of CRASH.  Anpbng these
four collisions, the largest deviation
of CRASH is 19.2 ft/s, that of Woolley
is 22.57 ft/s and that of Brach is 6.26
ft/s. |In percentages, CRASH's |argest
deviation is 69%, Wcolley's is 43% and
Brach's is 18%

This paper has illustrated the
ef fecti veness of the application of the
i mpul se-nomentum  nodel s applied to
vehi cul ar collisicns. Conpari sons
presented in this paper and in others
{5, 10, 11] illustrate the accuracy wth
which these nmpdels can predict the
changes in velocities and energy |oss
due to a collision.
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Tabl e
Conparison of Predicted Changes in Velocity
To Conputed Changes in Velocity (Velocities in £t/s)
RICSAC Measured Brach IMPAC CRASH
Crash Veh. 1 Veh. 2 Veh. 1 Veh. 2 Veh. 1 Veh. 2 Veh. 1 Veh. 2
11
Del ta-V 18. 49 22.84 15.11 22.65 16. 73 24.96 27.13 40. 63
13
Del ta-V 13. 94 23.17 14.13 22.41 11.9 18.62 4.55 7.19
19
Del ta-V 31.93 12. 06 28.50 13.12 21.62 9.94 28.01 12.91
$10
Delta-V 52.05 19. 09 45.79 22.37 29. 48 14. 41 32.85 15. 99
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APPENDIX -~

EQUATI ONS OF

| MPULSE/ MOVENTUM  MODEL

Conservati on of

. momentum along the x
axi s:

m, (V

2 =0

2x Vax!) t m(VypViy)

Conservati on of

] nmonentum along the y
axi s:

m, (sz—vzy) + ml(V’ly-vly) =0

Conservation of angular nonmentum

I, (Qy-wy) + I (R -w,y) +
mz(da+dc) (sz—VZX) +
my (d¥dg) (V) =V, )=0

Restitution nornal to the crush |ine at

angle r:
. F e A L
(V1xtdcfy ~Vaytdalty) cosl =

) sinT +

-e[ (vly-ddwl—vzy-dbwz) sinT +
(le-i-dcml—vzx+dam2 ycosT

Friction along the crush line at angle
r :

ml(Vly—vly) (cosl'- usinl) +
m, (v

ax Vay) (sinT + ucosI' ) = 0

Monent restitution at inpact surface:
(2,-9Q,) (1-e ) = e [ (R;-w;) -

m).dc (le‘le)/l.l. ﬂi dd(vly-vly)/ll -
(9ymuy ) mmydy (Vo Vay) /15 #

B (Vay~Vay) /15 ]

In the above:

dl sin(el+¢1) dd dl cos(81+¢l)

sin(9,+¢,) a d, cos (8,+9,)

dc
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m

T

NOTATI ON

coefficient of restitution
nonment coefficient of restitution

di stance between mass center and
i mpact center

vehicle yaw inertia about its mass
center

mass of vehicle

ki netic energy

v, v velocity

U

equivalent coefficient of friction
along the inpact surface

headi ng angle of vehicles relative
to the x axis

angl e of inpact surface relative to
the y axis

angul ar velocity

angl e between the length axis of a
vehicle and a 1line between its
center of gravity and the center of

i mpact
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